Abstract. We predict and investigate the emission of high-order harmonics by atoms that cross intense laser hot spots that last for a nanosecond or longer. An atom that moves through a nanometer-scale hot spot at characteristic thermal velocity can emit high-order harmonics in a similar fashion to an atom that is irradiated by a short-duration (picosecond-scale) laser pulse. We analyze the collective emission from a thermal gas and from a jet of atoms. In both cases, the line shape of a high-order harmonic exhibits a narrow spike with spectral width that is determined by the bandwidth of the driving laser. Finally, we discuss a scheme for producing long-duration laser hot spots with intensity in the range of the intensity threshold for high-harmonic generation. In the proposed scheme, the hot spot is produced by a long laser pulse that is consecutively coupled to a high-quality micro-resonator and a metallic nano-antenna. This system may be used for generating ultra-narrow bandwidth extreme-ultraviolet radiation through frequency up-conversion of a low-cost compact pump laser.
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Nevertheless, the total spectral bandwidth of each harmonic is relatively broad because it is limited by the spectral bandwidth of the driving laser, which in turn is limited by the inverse of its pulse duration.
Here, we investigate emission of high-order harmonics from atoms that move through intense laser hot spots that last for a nanosecond or longer. An atom that moves through a hot spot experiences a field of varying intensity in a similar fashion to a stationary atom that is irradiated by a short-duration laser pulse. If the size of the hot spot is in the nanometer scale and the velocity of the atom is several hundreds of meters per second (thermal velocity at 300 K) then the duration of crossing through the hot spot (cross-duration) is in the picosecond timescale, which is short enough to avoid bound-state depletion [6] . Thus, the atoms crossing the hot spot can emit pulses of high-order harmonics. The duration of the pulse emitted by an individual atom is proportional to the cross-duration. Hence, the bandwidth of such pulses is inversely proportional to the cross-duration. In the case of a thermal gas, the trajectories of the atoms are stochastic. As a result, the emission resembles a sequence of varying pulses that are randomly distributed in time. Our analysis shows that these pulses are all phase locked with the driving laser field and are hence highly correlated. This results in a power spectrum that is dominated by a narrow spike. The width of the spike is determined by the bandwidth of the driving laser and is independent of the average cross-duration. Therefore, the emitted EUV radiation can have ultra-narrow bandwidth if it is driven by a long-duration highly coherent laser. Finally, we discuss a possible scheme for producing long-duration, highly coherent, intense, laser sub-wavelength hot spots. In the proposed scheme, the hot spot is produced by a long laser pulse that is consecutively coupled to a high-quality micro-resonator [16] [17] [18] [19] [20] [21] and a metallic nano-antenna. This scheme may be used for generating ultra-narrow bandwidth EUV radiation through frequency up-conversion of a low-cost compact pump laser.
The paper is organized as follows. The model is presented in section 2. The properties of emission by a single atom that crosses the hot spot are presented in section 3. The collective emission by multiple atoms is analyzed in section 4. Finally, section 5 discusses the proposed scheme for generation of high-intensity long-duration hot spots.
Model
Emission of high-order harmonics from atoms in intense laser hot spots was demonstrated experimentally [13] and recently investigated theoretically [22] . Similar to the previous studies [22] [23] [24] , we assume that the electric field in the sub-wavelength hot spot is linearly polarized (in general, the polarization of electric field depends on the shape of the nanoantenna used to generate the hot spot). The standard dipole approximation, which assumes a homogeneous electric field, is unsuitable for HHG from hot spots because the characteristic length scale of the electron orbit becomes comparable to the length-scale over which the intensity changes. Thus, the electron interacts with a field that varies in both space and time. This issue was first addressed in [23] where the Lewenstein model was extended by adding a linear term to the electric field. In our study, HHG from a nano-scale hot spot is simulated by a numerical solution of the time-dependent Schrödinger equation (TDSE), which is modified to take into account the spatial dependence of the electric field in the hot spot. We implement the length gauge transformation L ( r , t) = ( r , t) exp((ie/h) r 0 A( r , t) d r ), where ( r , t) is the electron wavefunction and A( r , t) is the vector potential of the driving laser. In the dipole approximation, A( r , t) = A(t) and so L ( r , t) = ( r , t) exp( iē h A · r ). The TDSE within the length gauge is given by
where V a ( r ) is the atomic potential and ϕ( r , t) is the electric potential of the driving laser (electric field is E( r , t) = − ∇ϕ( r , t)). The effects of the magnetic field are neglected in equation (1) because we assume a moderate intensity level of the driving laser, which cannot accelerate the electron to relativistic velocity. The electric field of the driving laser within the hot spot is approximately a standing wave because the size of the hot spot (several nanometers) is much smaller than the wavelength of the driving laser (λ 0 = 0.8 µm). Specifically, we assume the field E( r , t) = ξ hs ( r ) cos[ω 0 t + φ noise (t)], where ξ hs ( r ) is the field spatially-dependent amplitude, 0 is the optical frequency and phase noise φ noise (t) is a stochastic function that describes the coherence of the pump. Furthermore, we use the two-dimensional (2D) model: ξ hs ( r ) = ξ hs (x, y), where the electric field is x-polarized and atoms move in the x-y-plane. The electron is accelerated by the laser to a velocity that is much larger than the thermal velocity of the atom that crosses the hot spot. Thus, the electron experiences an effective pulsed electric potential that is given by
where x a = x 0a + v x t, y a = y 0a + v y t are the coordinates of the atom that moves through the hot spot with velocity (v x , v y ). Neglecting the transverse broadening of the electron wave-packet, the TDSE is simplified to
The atomic potential of xenon was approximated by an inverse Gaussian potential [25] :
with V 0 = 17 eV and x 0 = 0.14 nm (ionization potential I p = 12 eV). For simplicity, we assume a cylindrically symmetric Gaussian hot spot: ξ hs (x, y) = ξ 0hs exp − x 2 + y 2 /w 2 hs with hot spot width w hs = 0.6 nm and peak amplitude ξ 0hs = 1.23 × 10 10 V m −1 , which corresponds to peak intensity I 0 = 2 × 10 13 W cm −2 . The HHG field radiated by an atom with initial coordinates (x 0a and y 0a ) and velocities (v x and v y ), E S HHG (t, x 0a , y 0a , v x , v y ), is calculated by the acceleration expectation value, using the Ehrenfest theorem E
Importantly, the dimension of the hot spot is much smaller than the wavelengths of the HHG radiation. Hence, we consider the hot spot as a point-source, neglecting its spatial dependence.
In section 3, we solve equation (3) and calculate the emitted field for a single atom that crosses the hot spot. In section 4, HHG emission from multiple atoms crossing the hot spot is calculated. For multiple atoms, equation (3) is solved N times (m = 1, 2, 3, . . . , N atoms crossing the hot spot). We have simulated two cases. In the first case, the hot spot resides in a thermal gas of atoms so that the velocities (v m x and v m y ) are random variables that are distributed according to the Maxwell-Boltzmann statistics. In the second case, the hot spot resides in a gasjet or moves through the thermal gas with a velocity that is much higher than the gas thermal velocity. Atom velocities in this case correspond to the gas-jet (hot spot) velocity. In both cases, As will be shown below, the important parameter that determines the line shape and bandwidth of the harmonics is the ratio between the coherence time of the pump laser (t c )-the time interval over which φ noise (t) is, on average, predictable-and the characteristic time interval in which the atoms cross through the hot spot. This cross-duration is given by τ = w hs / |v| where |v| is the average velocity of the atoms. In this work, we are interested in the highly coherent regime: t c τ . For |v| = 137 m s −1 (τ = 4.4 ps and t c = 2.6 ns), which is the characteristic thermal velocity of xenon at STP condition, the required computation time and memory is beyond our access. In order to relax this technical difficulty, we carried out the numerical simulations assuming the following parameters: |v| = 2 × 10 3 m s −1 (τ = 0.3 ps and t c = 180 ps), maintaining the highly coherent pump regime.
Single-atom spectra
We first present HHG spectra of a single atom that crosses the hot spot at a constant velocity of v = 2 × 10 3 m s −1 for several trajectories (figures 1(a) and (b)). In these calculations, the phase noise did not affect the spectra because the coherence time was much longer than the cross-duration. All the trajectories are straight lines (deviation due to the pondermotive force is tiny [26] ) and are characterized by their orientation with respect to the hot-spot polarization and their distance of closest approach to the center of the hot spot, which we designate with D. Figures 1(a) and (b) show the HHG spectra of atoms that cross the hot spot with velocity perpendicular (y-trajectory) and parallel (x-trajectory) to the field polarization, respectively, by atoms with through-and off-center trajectories. As shown, both odd and even harmonics are emitted. Even harmonics are emitted due to the nano-scale of the hot spot, which results in asymmetry between the right and left electron boomerang loops. The right-left symmetry is maintained and odd harmonics are absent for the through-center y-trajectories ( figure 1(a) ). Figure 1 (c) shows a nontrivial dependence of the amplitude and phase of the q = 11 harmonic order (the cut-off harmonic) with respect to the distance of closest approach. Interestingly, trajectories passing through the center of the hot spot are not the most efficient ones. In fact, the amplitude peak in figure 1(c) at D ∼ 0.2 nm corresponds to the situation in which the turning point of the traveling electron (point R in figure 1(d)) coincides with the center of the hot spot. As shown in figure 1(c) , the intrinsic phase also exhibits a nontrivial dependence, which is not proportional to the peak intensity experienced by the atom, as in the case when the field is homogeneous [27] . Figures 1(e) and (f) show the emitted electric field of the q = 11 harmonic order by atoms with y-and x-trajectories, respectively. The parallel trajectory emits a two-peak pulse because it includes two 'most efficient' points (points R and L in figure 1(g) ).
Next, we derive an analytical model for the harmonic line shape that is emitted by a single atom that crosses the hot spot at a perpendicular (y) trajectory (the model will be extended to multiple atoms in section 3 ). An atom that crosses our Gaussian-shaped hot spot (ξ hs (x, y) = ξ 0hs exp[−(x 2 + y 2 )/w 2 hs ]) at velocity v y experiences an effective Gaussian driving pulse G(t) = exp(−t 2 /τ 2 ) with pulse-width (the atom cross-duration) τ = w hs /v y . We invoke a simple model: the field of the qth-order harmonic is given by a product between the pth power of the effective driving pulse [28] and a complex amplitude, A D , that depends on D according to figure 1(c): High-order harmonics by a xenon atom that crosses the hot spot at v = 2 × 10 3 m s −1 . The width and peak intensity of the hot spot are w hs = 0.6 nm and I 0 = 2 × 10 13 W cm −2 , respectively. Spectra emitted by an atom that crosses the hot spot with velocity perpendicular (a) and parallel (b) to the polarization of the hot spot at trajectories that cross through (blue-dashed line) and off (red-solid line) the center of the hot spot. In plots (c)-(e), the atom cross the hot spot perpendicular to its polarization. (c) Amplitudes (red-solid line) and phase (blue-dashed line) of the q = 11 harmonic-order (the cut-off harmonic) versus the distance of the closest approach of the atom to the hotspot center (D). (d) Schematic representation of the off-center atom trajectory and electron oscillations when the atom crosses the hot spot perpendicular to the hot-spot polarization. Point R marks the point at which the distance between the boomeranging electron and atom is largest. (e), (f) Emitted electric field of the 11th-order harmonic by the atom that crosses the hot spot perpendicular to (e) and parallel (f) to its polarization. The red-dashed curve in (e) corresponds to [G(t)] 11 in equation (4) . (g) Schematic representation of the through-center atom trajectory and electron oscillations when the atom crosses the hot spot parallel to its polarization.
7
The pulse-width of the qth-order harmonic field is τ = w hs / √ pv y . We found that q = 11, p = 11 give the best fit to the numerical results ( figure 1(e) ). The energy spectral line shape of the qth-order harmonic is given by the ensemble average over the Fourier transform of the autocorrelation function:
Substituting equation (4) into (5) and averaging out the terms oscillating at twice the optical frequency leads to
In equation (6), ⊗ stands for convolution,
, where φ noise (t) = φ noise (t + t ) − φ noise (t ) and δω pump is the spectral bandwidth of the pump. The Lorentzian term is associated with the phase noise of the pump. Note that for q = 1, the Lorentzian corresponds to the spectrum of the pump with spectral bandwidth δω pump , which results from the phase noise [29] .
The convolution in equation (6) can be expressed in terms of the Faddeeva function, which is well known in plasma physics [30] . Thus, the energy spectrum can be expressed by
where the Faddeeva function is given by W (y) = exp(−y 2 )erfc(−iy). In the limiting case of a highly coherent pump, q 2 δω pump τ 1, the real part of the Faddeeva function is well approximated by a Gaussian Re W τ ω + iq 2 δω pump / √ 2 ≈ exp −ω 2 τ 2 /2 ; hence, the energy spectrum is given by
and its bandwidth is inversely proportional to the pulse width of the harmonic field ω q ≈ 1/τ . In the opposite limiting case of the low-coherence pump, q 2 δω pump τ 1, the real part of the Faddeeva function is well approximated by a Lorentzian:
and the energy spectrum is given by
and its bandwidth is given by ω q ≈ q 2 δω pump . Thus, in the case of a high-coherent pump, the spectral line shape is determined by the structure of the hot spot. In our example, the Gaussian line shape corresponds to the Fourier transform of the Gaussian hot spot. In the case of a lowcoherence pump, the spectral line shape is defined by the spectral line shape of the pump, which is typically a Lorentzian. . Deviation between the analytical and numerical curves is due to a resonant absorption of the pump at 12 eV (see figure 1(a) ).
Comparison between the analytical model and numerical solution of equation (3) is shown in figure 2 . Figure 2(a) shows the 11th-order harmonic for the case of highly coherent pump (δω pump /ω 0 = 2.4 × 10 −6 and v y = 2 × 10 3 m s −1 result with q 2 δω pump τ = 6 × 10 −2 ). As shown, the numerically calculated spectral line shape (solid line) matches quite well to a Gaussian given by equation (8) (dashed line). Figure 2(b) shows the 11th-order harmonic in the opposite case of low-coherence pump (δω pump /ω 0 = 4.4 × 10 −5 and v y = 10 3 m s −1 result in q 2 δω pump τ = 2.4). In this case, the spectral line shape is determined by the bandwidth of the pump and it is approximated by the Lorentzian in equation (9).
Multiple atoms spectra
In the previous section, we presented the numerical and analytical results of single-atom harmonic spectra. We showed that when the coherence time of the pump laser is much larger than the atom cross-duration then the harmonics bandwidth is inversely proportional to the cross-duration and does not depend on the coherence of the pump. In this section, we investigate the emission from multiple atoms that cross the hot spot with random trajectories, velocities and times. One may expect the randomness to reduce the coherence of the harmonics and, equivalently, increase their spectral bandwidth. Below, we show that the harmonics line shapes actually include a narrow spike that reflects the high coherence of the pump laser.
The emitted spectral line shapes from a thermal gas (red-solid line) and from a gas jet (blue-dashed line) are shown in figures 3(a) and (b) for the case of a highly coherent pump (δω pump /ω 0 = 2.4 × 10 −6 and v y = 2 × 10 3 m s −1 result in q 2 δω pump τ = 6 × 10 −2 ). The 2D density of atoms was n V = 10 19 cm −3 and hot spot height was H hs = 50 nm. The rest of the simulation parameters are listed in section 2. One can see in figure 3 (b) that the spectral line shape comprises a wide bell-shaped curve and narrow spike on top of it. As will be shown below, the wide bell-shaped curve is associated with the single-atom emission, which was analyzed in the previous section, while the narrow spike results from collective emission of atoms. Below, we derive an analytical expression for the spectral line shape for an artificial case in which all the atoms cross the hot spot through the same trajectory. In this case, the times at which the atoms cross the hot spot remain the only stochastic variables. Numerically calculated line shape for this artificial case is also plotted in figure 3(b) (brown dashed-dot line) . Clearly, all cases exhibit a qualitatively similar shape: a narrow spike on top of a wide bell-shaped curve (the difference in amplitudes is explained below).
Next, we introduce an analytical model for the spectral line shape of collective emission. Since both the thermal gas and the gas-jet cases exhibit a similar spectral line shape, we limit our model to the simpler gas-jet case by assuming that all atoms have perpendicular (y) trajectories and equal velocities v y . The averaged flux of atoms F crossing the hot spot with velocity v y is given by F = n V v y . The collective field emitted by N atoms that (stochastically) cross the hot spot can be represented as a super-position of fields emitted by individual atoms:
where E S q is the single-atom field given by equation (4) (10) can be modeled as a linearly filtered Poisson process [31] . The power spectral density of such a sequence is represented by [31] S(ω) = lim
10
where N is the average number of atoms crossing the hot spot N /(T X ) = F H hs and
hs . The first term on the rhs of equation (11) can be associated with the spectral line shape of single-atom emission, and can be expressed in terms of the Faddeeva function (see equation (7)). The second term, resulting from the collective emission of atoms, can be evaluated by substituting equation (4) for E S q . Using the convolution theorem and averaging out the terms oscillating at twice the optical frequency one finds that
Due to the nontrivial dependence of the complex amplitude, A D , on D ( figure 1(c) ) we calculated the analytical spectra only for the artificial case in which all the atoms have a fixed trajectory (fixed D). The atom crossing rate of the hot spot was 2F H hs L hs , where L hs = 2w hs lg (2) is the hot spot full-width at half-maximum (atoms that cross the hot spot at |D| > L hs do not emit HHG due to the relatively low pump intensity). Equation (12) in this case reduces to
The analytical spectral line shapes (equation (13) ) are shown in figures 4(a)-(c) (red-dashed curves) at different coherence and flux conditions. Figures 4(a) and (b) show the spectral line shape of 11th-order harmonic for highly coherent pump (q 2 δω pump τ = 6 × 10 −2 ) in the case of high F H hs w hs /δω pump = 85 and low F H hs w hs /(δω pump ) = 4.85 fluxes, respectively. The spectral line shapes comprise a wide bell-shaped curve and a narrow spike on top of it. The wide bell-shaped curve associated with the single-atom emission is given by the Faddeeva function (the first term on the rhs in equation (13)). It is well approximated by a Gaussian with its bandwidth defined by the inverse of the cross-duration ω 1 ∼ v y √ p/w hs . The narrow spike is given by the second term in equation (13), which results from phase-locked emission from the collective atoms. The line shape of this spike is Lorentzian with ω 2 ∼ q 2 δω pump bandwidth. The amplitude of the narrow spike is proportional to the atomic flux (note the different amplitudes in figures 4(a) and (b).) Intuition for the narrow spike (high coherence) is provided from figures 4(d) and (e) that show the corresponding emitted fields schematically. As shown, the fields consist of a highly coherent carrier wave (locked with the pump) and stochastic envelops (atoms cross the hot spot at random times). The narrow spike is associated with the coherent carrier wave and it is large when the flux is high (figures 4(a) and (c)).
Spectral line shape and the corresponding schematic field for the low-coherence pump case (q Now that we understand the spectral properties of the emission in the artificial case (all atoms cross the hot spot with the fixed trajectory), we return to the case of random trajectories (thermal gas or gas jet). Numerically calculated spectra of thermal and gas-jet cases are shown in figure 3 . Figure 3(b) (brown curve) also shows the numerically calculated spectral line shape in the artificial case. Clearly, the spectral lines of the three cases exhibit the narrow spike on top of the broad Gaussian, yet the amplitudes of the real cases are reduced. According to equation (12) (gas jet) and equation (13) (artificial case), the ratios between the widths of the narrow spike and Gaussian are approximately given by 2F
and 4F H hs L hs , respectively. The reduction in the spike amplitude is due to the fact that
That is, the reduction results from the fact that the intrinsic (and total) phase in HHG depends on the pump peak intensity, which in the hot spot geometry is determined by the distance of closest approach-a stochastic variable. The narrow spike disappears when the hot spot intensity and geometry results with | ∞ −∞ dD A D | 2 ≈ 0. Going back to figure 1(c), one can see that in our hot spot and pump intensity, the phase of A D varies in the range of /2 within the range in which the HHG emission is strong. This observation explains the existence of the narrow spikes ( figure 3(b) ), even though the emission process results from multiple atoms that cross the hot spot at random trajectories and random times. SiO 2 toroid Nano Nano particle particle XUV Continuous-wave pump SiO 2 toroid SiO 2 toroid Nano Nano particle particle XUV Continuous-wave pump Figure 5 . Schematic representation of the on-chip device for the continuouswave generation of high-order harmonics. The driving laser circulates azimuthally in a silica whispering-gallery micro-resonator. The cut shows the electric field in a plane transverse to (azimuthal) propagation, which extends beyond the silica into the surrounding gas. A nano-antenna (e.g. gold nanosphere) enhances the field at the gap between the nano-particle and the microresonator. High-order harmonics are emitted by the atoms that cross the localized strong laser hot spot.
Generation of high-intensity long-duration hot spots
In the previous sections, we investigated spectral properties of high-order harmonics emitted by atoms that cross long-duration nanometer-scale hot spots, which are intense enough to generate high harmonics. In this section, we present qualitatively a scheme that produces such a long-duration highly coherent hot spot. The proposed device cascades two enhancement mechanisms: enhancement by multiple recirculation within high-quality micro-resonator and further enhancement by focusing with a nano-antenna. A representative device is shown in figure 5 , showing a metallic nano-particle (e.g. gold nano-sphere or bow-tie nano-antennas [11, 12] ) that is located outside, yet in very close proximity, to the surface of a silica ultrahighquality toroidal whispering-gallery micro-resonator [16] [17] [18] , similarly ultrahigh-quality crystalline resonators can be used [19] [20] [21] . The modes propagating in the whispering-gallery micro-resonator extend evanescently beyond the silica into the near-field in the surrounding region. Metallic nano-particles can interact with this evanescent field and focus the extended part of the mode into sub-wavelength hot spots, thereby enhancing its intensity by orders of magnitude (with theoretical enhancement factor of ∼10 2 -10 3 [22] ). Taking advantage of the accumulated field enhancements from the multiple re-circulations in the micro-resonator, which exhibit a finesse of ∼10 6 , and from the nano-scale plasmonic enhancement [32, 33] , the intensity threshold for HHG may be achieved. These nano-scale hot spots are located in the gaps between the micro-cavity and the nanostructures. An atom that crosses the nano-scale hot spot experiences a field of varying intensity in a similar fashion to an atom that is irradiated by a micro-scale picosecond pulse (the width of this 'pulse' can be controlled by the size of the hot spot and the characteristic velocity of the atoms, which is determined by the pressure and temperature of the gas). Hence, as explained in section 2, each atom is expected to emit high-order harmonics of the driving laser, despite the continuous nature of the driving force. While the instantaneous field that is emitted from this device is very small (due to the small size of the hot spots), the average emitted power can be comparable to the average power in other HHG-based schemes because emission from the proposed device is not limited to ultra-short bursts at relatively low repetition rate. Also, as 13 shown in section 3, this device can emit ultrahigh coherent EUV radiation, reflecting the fact that the driving laser light is circulating in a very high-quality micro-resonator. Even though atoms cross the hot spot at random times and trajectories (thermal gas), their HHG emission is highly phase correlated.
Conclusions
We have proposed and investigated a scheme for generating narrow bandwidth radiation in the EUV. The device that we propose is based on emission of high-order harmonics by atoms crossing the hot spot. The hot spot is produced by nano-antenna adjacent to high-quality torroidal micro-resonator. Our spectral analysis shows that for a high flux of atoms through the hot spot, the emission spectrum will be dominated by a narrow spike. The bandwidth of this narrow spike is determined by the bandwidth of the pump light. Such an ultra-narrow band radiation in EUV may enhance resolution in a wide range of applications including spectroscopy [34] , precision measurements, coherent imaging [35] , holography [36, 37] , etc.
